In the era of precision cosmology accurate estimation of cosmological parameters is based upon the implicit assumption of Gaussian nature of Cosmic Microwave Background (CMB) radiation. Therefore, an important scientific question to ask is whether the observed CMB map is consistent with Gaussian prediction. In this work we devise a new method where we use Rao's statistic based on sample arc-lengths to examine the validity of the hypothesis that the temperature field of the CMB is consistent with a Gaussian random field, by comprehensively testing correlations within a given mode and between nearby modes phases. This circular statistic is ordered and non-parametric. We performed our analysis on the scales limited by spherical harmonic modes ≤ 128, to restrict ourselves to signal dominated region. To find the correlated sets of phases, we calculate the statistic for the data and 10000 Monte Carlo simulated random sets of phases and used 0.01 and 0.05 α levels to distinguish between statistically significant and highly significant detections. We apply our method on Planck satellite mission's final released CMB temperature anisotropy maps-COMMANDER, SMICA, NILC, and SEVEM along with WMAP 9 year released ILC map. We report that phases corresponding to some of the modes are non-uniform in these maps. We also report that most of the mode pairs are uncorrelated in each map, but a few are found to be correlated, which are different pairs in different maps. The detection of non-uniformity and correlations in the phases indicates presence of non Gaussian signals in the foreground minimized CMB maps. *
Introduction
One of the central ideas in many cosmological models is that galaxies and large-scale structures in the universe have grown from small initial perturbations via a process of gravitational instability. In one of the most successful of such models, the primordial perturbations that seeded the initial gravitational instability were generated during a period of rapid expansion, known as inflation [1, 2] . The perturbations produced by inflation are said to be a statistically homogeneous Gaussian random field [3] . It is believed that the imprint of such perturbations are on the last scattering surface (LSS) of cosmic microwave background (CMB) at large angular scales. The statistical properties of the fluctuations on the LSS will be highly correlated to the primordial perturbation, making it a very useful probe for testing the Gaussianity of the primordial universe. Test of gaussianity becomes essential from the fact that the temperature and polarization power spectrum used to derive the cosmological parameters, assume that the statistical properties of the primordial CMB signal is gaussian.Their detection and identification allows to distinguish various inflationary models [4] making the investigation further relevant.
Unlike gaussianity, non-gaussianity can be of many types, making it difficult to quantify. As detection of non-gaussianity has far-reaching consequences for our understanding of the primordial universe [5] , and hence one needs to test it with various statistical measures, each sensitive to distinct forms of the non-gaussianity present in CMB data. Though detected nongaussianity might not have a primordial origin, they can lead us to better understand the foreground residuals and systematics present in the cleaned CMB maps.
Numerous studies on non-gaussianity for CMB missions such as COBE, MAXIMA, BOOMERanG, WMAP and Planck has been done. Many of these works are based on measures such as bispectrum [4, [6] [7] [8] [9] [10] [11] [12] , trispectrum [13] [14] [15] [16] , skewness and kurtosis [17] [18] [19] [20] , spherical Mexican hat wavelet [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] , minkowski functionals [34] [35] [36] [37] [38] , directional spherical real morlet wavelet analysis [27] , scaling index method [39, 40] , method based on the N-point probability distribution function [41] , skeleton statistics [42, 43] , spectral distortions [44] , neural-network [45] , multipole vector [46] , genus shift parameters [47, 48] , bipolar spherical harmonics [49] . In many of these studies, the estimator is based on some phenomenological model and is capable of de-tecting certain types of non-gaussianity. Another way to check gaussianity is based on a blind test, one which is motivated by statistics rather than phenomenology; this has been done in some of the above-mentioned works. Most of the above-cited works use a m or estimators derived using them. However not many studies using phases corresponding to the complex quantity a m , which will have a circular uniform random distribution, given a m have gaussian distribution, have been undertaken. Some of such studies are using Kuiper statistics [50] [51] [52] , temperature-weighted extrema correlation functions [53] , using phase mapping technique [54] [55] [56] , trigonometric moments of phases and Pearson's random walks [57, 58] . The phases are related to the spherical harmonic coefficients a m in a nonlinear way and are therefore sensitive to mode correlations of CMB in a different way. Some of the works mentioned above have reported the detection of non-gaussianity, and others had not detected any significant signal.
In the present article, we perform a model-independent study to investigate non-gaussianity in the Planck satellite mission's final released cleaned CMB full-sky temperature anisotropy maps -COMMANDER, SMICA, NILC, SEVEM along with the final release of WMAP internal linear combination map. We use a new circular statistic known as the Rao's spacing test [59] , which is sensitive to multi-mode type non-uniformities in data phases (hence non-gaussianities in corresponding a lm ). This feature of non-uniformity has not been investigated in the literature earlier. We perform three distinct tests to investigate uniformity in phases of each mode and two other tests to examine correlations between a given mode and nearby modes.
We organize our paper as follows. In Section 2 we illustrate the basic formalism of this work by first describing the phases derived from the spherical harmonic coefficients and then presenting the details of the statistics used in the current work. In Section 3, we elaborate on the methodology applied on the data to detect the statistically significant signal. In Section 4, we present the results. Finally, in Section 5, we discuss and conclude.
Formalism

Spherical Harmonics Phases and Inflation
CMB fluctuations, over the last scattering surface can be mathematically expressed as,
whereT is the mean temperature over the whole sky, T (θ, φ) is the temperature in the direction (θ, φ) on the celestial sphere in some coordinate system. The Y m (θ, φ) are spherical harmonic functions, defined in terms of the Legendre polynomials P m as,
where we have used the Condon-Shortley phase convention. In equation (1), the a ,m are complex coefficients and so one can write it as,
where ψ m is the phase angle. If R(a m ) and I(a m ) represents real and imaginary parts respectively of the complex a m then Ψ m is written as,
As ∆ is a real quantity, R(a m ) = −R(a −m ) and I(a m ) = I(a −m ) for odd m, R(a m ) = R(a −m ) and I(a m ) = −I(a −m ) for even m and I(a m ) = 0, for m=0. This implies that we have only numbers of independent phases corresponding to a given mode .
If the CMB temperature anisotropies constitute a Gaussian Random Field, the real and imaginary part of the a m are both Gaussian distributed or equivalently, the |a m | are Rayleigh distributed and phases ψ m are uniformly random in [0, 2π]. The hypothesis that phases corresponding to gaussian a m are uniform is known as the random phase hypothesis.
Rao's Spacing Test
In the current study, we use Rao's [60] statistics to test the random phase hypothesis of the CMB temperature maps. It is a powerful statistic for testing uniformity of circular data. In particular, it is more powerful than the popular Rayleigh Test and Kuiper's Test [61] when the underlying circular distribution is multimodal. Most of the earlier studies on the testing of non-uniformity of CMB phases are based on Kuiper's [61] V statistics. Unlike Kuiper's statistics which is based on empirical distribution function, Rao's statistics is goodness−of−fits test based on the idea that if the underlying circular distribution is uniform, successive observations should be approximately evenly spaced, about 2π/n apart, where n is the number of circular samples. Large deviations from this distribution, resulting from unusually large spaces or unusually short spaces between observations, signify directionality. Further, it is invariant under a choice of the origin and is non-parametric ordered statistics applicable to circular data. Suppose we have a set of n circular variables {θ i }, i = 1, ...n in the interval [0, 2π] which are arranged in ascending order w.r.t a given zero direction and the sense of rotation, then the statistics is defined as,
where
for i=n
If all the circular variables are equally spaced (perfectly uniform) then U n = 0, else U n > 0, which is true for samples of finite size. Large values of U n indicates clustering of the variables and their distribution non-uniform.
Method
In the present work, we have used COMMANDER, SMICA, NILC, SEVEM [62] temperature maps from the latest Planck release and WMAP-ILC [63] temperature map from final WMAP release. As all the above maps correspond to the same CMB realization, any cosmological signal must be consistently detected in all or at least most of them once its origin from any foreground or systematic is ruled out. To usually to improve the signal to noise ratio we convolve a CMB map with some gaussian filter. Though this modifies the a m , they do not have any effect on the phases. The map a m for a given and m can be written as,
where a S m and a N m represents signal and noise components respectively. The phases of the map corresponding to the and m can be written as,
with R, I represents real and imaginary parts, respectively. ψ S lm and ψ N lm are the signals and the noise phase, respectively. From the above phase expression, it is clear that the ψ m will be dominated by signal iff a S m » a N m . For CMB temperature maps, this condition holds for low , and hence in order to avoid large contribution to phases from noise, we restrict our analysis to a maximum mode of 128. We employ ianafast facility in Healpix [64] package to obtain the spherical harmonic coefficient i.e., a m corresponding to COMMANDER, SMICA, NILC, SEVEM, WMAP temperature maps. Using the above a m we obtain ψ m applying (4) for mode 2 to maximum mode 128 for all the maps. From the above-acquired phases, we investigate for two distinct classes of correlations. In class I we investigate correlations among phases of the same modes; in class II we investigate correlations between subsequent and next to subsequent mode phases. For the class I, we used three variable types each indicated by following cases in our analysis, where i is the map index:
,m set of all phases for a given mode, for testing the uniformity of phases in each mode.
, difference of phases for a given but consecutive m, to test the correlation between consecutive m modes.
, difference of phases for a given but next to consecutive m, to test the correlation between next to consecutive m modes.
For the class II, we used two types of variables indicated by following cases in our analysis :
, difference of phases for a given m but consecutive , to test the correlation between consecutive modes but same m. Case (v) : ψ i +2,m − ψ i ,m , difference of phases for a given m but next to consecutive , to test the correlation between next to consecutive modes but same m.
For the cases (ii−v) where the variable is defined as the difference between two uniform variables, we transform the triangular distribution so obtained to the uniform by adding 2π to any value less than zero. We use the Rao statistics (5) to get values of U n for all of the above five cases and each map. To examine whether the obtained U n value is anomalous, we compare it against U n obtained from 10000 Monte Carlo simulated sets of uniform circular variables. We plot p-value versus modes for all different maps together for each case in Figure 1 to Figure 5 and mark 0.95 and 0.99 p levels to ascertain significant and highly significant correlated occurrences, with 0.05 and 0.01 probability of type I errors respectively.
Results
In this section, we summarise all the results we have obtained after utilizing the Rao's statistics on various variable sets, as elaborated in the above sec- Table 1 for COMMANDER(COMM.), SMICA, NILC, SEVEM, and WMAP ILC maps. The first number is shown in all of the Tables 1 to 5 be observed from the Figure 1 that none of the statistically significant occurrences are consistently present in all the maps, with the exception of mode 57, which is found to be significant in both COMMANDER and SMICA. The phases corresponding to mode 60 of COMMANDER, 16 For the case (ii), we test for correlation among consecutive m mode phases of a given mode. The Figure 2 for multipole axis starts from = 3, as for Rao's statistics, we need at least two variables. The significantly correlated and highly significant correlated modes are shown in Table 2 , along with their respective p-values. For the COMMANDER map the significant modes are 22, 45, 56, 78 and high significant modes are 16 and 116. For the SMICA map 18, 53, 59, 77, 108 are statistically significant modes whereas in mode 63 phase are found to be correlated with high significance. For the NILC map we find correlation within modes 16, 18, 27, 50, 101, 122 and 128 to be statistically significant. For the SEVEM map we found correlation among consecutive m modes significant for phases of modes 13 and highly significant for 16, 23, 61, 90. For the WMAP consecutive m mode phases of modes 3, 10, 16, 36, 61, 125 are found to be significantly correlated and m mode phases of modes 18, 19 are found to be correlated with high significance.
Various statistically significant non-uniformity in phases using the Rao's statistics are summarised in
For the case (iii), we test for correlation, using U as test statistics, among next to consecutive m mode phase of a given mode. The plot in Figure  3 on multipole axis starts from = 4, for the same reason as mentioned above. We find statistically significant phase correlations between next to consecutive phase in modes 15, 27, 58, 78, 119 and highly significant correlation in modes 83, 104 for COMMANDER map. We detect high significance correlation in phase of next to consecutive phase in mode 15 and significant correlation in mode 39, 118 for SMICA map. For NILC map we find significant correlation in mode phase of next to consecutive phase in 13, 31, 46, 67, 73, 77, 99, 127 and high significance correlation in mode phase 62, 106, 122. For SEVEM map, we find significant detections at 69, 100, 113, 117, 127 modes and highly significant occurrences at modes 20, 84, 92. For WMAP we found statistically significant detection at mode 26, 59 with high significance detection at mode 59.
For the case (iv), we test for correlation using difference of same m mode phases of a and it's consecutive mode. The p-values for this analysis are shown in the Figure 4 with the statistically significant cases for all maps shown in Table 4 . The multipole axis denotes the lower of the modes in the pair. We detect significant correlation between same m mode phases of pair (21, 22) , (55, 56) , (104,105), (105,106), (106,107), (120,121) with high significance detection in (43, 44) for the COMMANDER map. For SMICA map, we find significant correlation between same m mode phases of pair (66,67), (91,92), (93,94), (118,119), (123,124) with high significance in (7, 8) and (77, 78) . For NILC map, we find the pair (7, 8) , (18, 19) , (59, 60) , (74,75), (91,92), (102,103) and (103,104) to be having significant correlation. The pair (12, 13) , (22, 23) , (23, 24) and (121,122) are the significant occurrences for the SEVEM map. For WMAP ILC map we find pair (29, 30) , (43, 44) , (52, 53) , (67,68), (76,77) and (106,107) significant correlation between same m mode phases whereas the pair (12, 13) is having correlation of high significance.
For the case (v), we do correlation test similar to that of case (iv), but now we take difference of m mode phases in and next to subsequent . In Figure  5 with lower of the in pair represented on the multipole axis, the p-values for various pair are plotted. We find statistically significant detection in pair (17, 19) , (70,72), (73,75), (86,88), (122,124) and high significance occurrences in (56, 58) , (74,76), (115,117) for the COMMANDER map. We find only pair (43, 45) to be of statistically significant occurrence for the SMICA map. For the NILC map we find significant correlation between same m mode phases of mode pair (17, 19) , (37, 39) , (39, 41) , (60, 62) , (105,107), (120,122) with high significance detection in pair (43, 45) . For the SEVEM map, the statistically significant pair are (10, 12) , (53, 55) , (92,94), (118,120), (120,122), (122,124), (123,125), (126,128) with the high significant pair (70,72). For the WMAP, we find the pair (7, 9) , (55, 57) , (69,71) to be having statistically significant correlation whereas the pair (39, 41) being correlated with high significance.
Discussions and Conclusion
In this work we have used Rao's statistic to diagnose potential signatures of non-gaussianity from the observed CMB maps. The CMB component reconstructed maps (COMMANDER, SMICA, NILC, SEVEM, WMAP-ILC) discussed in this work have been obtained by various science groups employing independent statistical techniques by removing foreground emissions. This causes the morphologies and hence phases obtained from these CMB maps to be some what different, although all these CMB maps represent the same last scattering surface. Any significant detection found across different maps is more likely to be of cosmological origin than the ones in a single map, provided the possibility of them being originating from other sources, and unaccounted systematics are ruled out. Not only any detected non-Gaussianities in the CMB temperature maps are essential to understand the distribution of primordial perturbations, but also these detected non-gaussianities have the potentials to constrain residual systematics.
We perform our analysis into three different parts for class I type tests which are designed to detect correlations of phases within a given mode. The class I type tests consist of three different cases, each of which uses different sets of derived phases. We look for statistically significant multiple occurrences for the same case but different maps, different cases but same map and all cases all maps in class I. With this analysis method, we find that, for the case (i), phases corresponding to most of the modes are uniform, with exceptions for mode 57 which is occurring multiple times. When considering high significance cases only, thereby decreasing the probability of type I error, we conclude that the phases corresponding to SMICA, NILC are all uniform. In contrast, some mode phases corresponding to COMMANDER, SEVEM, and WMAP are non-uniform. For the case (ii), phases corresponding to mode 16 and 18 are significant multiple times across maps, indicating there might be some interesting signal. For the case (iii), phases corresponding to mode 15 is statistically significant twice across the maps. Looking into the statistical significance across cases (i), (ii), (iii) of the class I for a given map, we find that for the COMMANDER map, modes 58, 78 and 116 are significant more than one time. Similar repetition of significance for mode 122 for NILC map, 16 for SEVEM map, and 59 for WMAP are found. We do not find any such repetition for the SMICA map. Considering occurrences of the significance of a mode across the maps and across the cases for the class I, we conclude that modes 16, 18, and 59 statistically significant multiple times. To summarise for the class I phases of mode 15, 16, 18, 57, 58, 59, 78, 116 , and 122 have significances occurring multiple times indicating nongaussianity in corresponding spherical harmonic coefficients which might be of primordial origin.
For the class II tests where we investigate the correlation between neighboring modes, we look for statistically significant multiple occurrences of correlated pairs. For the class II and case (iv), where we investigate the correlation between subsequent modes, we find mode pairs (7, 8) , (12, 13) , (43, 44) , (91,92), and (106,107) occur multiple times with significant correlations across maps. For the class II and case (v), where we investigate the correlation between and next to subsequent mode phases, we find that the mode pairs (17, 19) , (39, 41) , (43, 45) , (70,72), (120,122) and (122,124) are significant multiple times across different maps. The presence of non-uniform phases and correlated mode pairs in the cleaned CMB maps establish presence of non-Gaussian signals therein. An important future project will be to investigate the underlying cause of the detected non-gaussianities of this work.
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